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Chapter 1

Introduction

From November 2000 to March 2001 I undertook a practical training project in the
Department of Mathematics at Dundee University, Scotland. My tutors at Dundee
University were Professor Mark A.J. Chaplain and Dr. Alexander R.A. Ander-
son who are two of Britain’s leading Mathematical Biology researchers. To model
processes in Mathematical Biology differential equations are very important and
therefore it is always useful to have a computer program which solves the models
one develops. The main task in my practical training was to develop an alternative
solver for numerical solutions of differential equations. Therefore I had to study
differential equation theory, both ordinary and partial. I read a lot of books and
support materials to become acquainted with this topic, which occupied me for one
and a half months. I studied ordinary differential equations ( ODEs ) and different
ways to solve them. Analytically there are many methods to find a function which
satisfies the given problem and [ tried several of them. What was more interesting
was evaluating the numerical solution of ODEs because the algorithms are quite
easy to implement such that a computer solves the equations. To study partial
differential equations ( PDEs ) I did the same. Fistly, I made a general study of
PDEs and possible exact solutions before I considered numerical solutions which are
distinct for different types of partial differential equations.

By solving several examples analytically and numerically, I got a feeling for how
to obtain acceptable solutions. After I gained enough knowledge in numerical solu-
tions I started to implement existing methods and algorithms to use the computer
for calculations. Of course, there are already several software packages for this task
but the graphical user interface and consequently the manageability often leaves a
lot to be desired. Therefore, my job was mainly to generate a new application with
a better manageability using existing algorithms and not to develop new equation-
solving methods. My most important objective was obtaining a graphical user in-
terface which not only allows the user to choose which kind of differential equation
he wants to solve and to enter all the initial conditions being used but which also
features a graphical output which plots the solution. This task occupied me for
three months.

For the last month in Dundee, I worked on a completely different task - scientific
visualization. The mathematical biology research group generates three dimensional
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data which describes cancer angiogenesis ( the process by which a tumour establishes
a blood supply to allow it to grow ). The data is available in a three dimensional
matrix in which the value at position z,y, z matches the number of a blood vessel.
The task was to read the data files and display the information using a three dimen-
sional graphical output. The user can rotate the graphical output around all three
axes and save it as an animation. The mathematical model which generates the
data files calculates the growth of bolld vessels at different time steps. Therefore,
I implemented the possibility of reading more than one data file and generating an
animation of vessel growth with respect to time and another output format which
shows, in every frame, a newly generated vessel.

During my time in Dundee, I had the chance to attend weekly seminars in the
department where researchers from different universities presented their main theses
or latest research results. It was always interesting to see what they were working
on, and there was a good mixture of topics.



Chapter 2

Mathematical background
knowledge

First the mathematical background knowledge used to develop a computer program
which includes a graphical output for the visualization of numerical analysis has to
be explained. Every change in size, shape, motion and so forth can be described
with mathematical formulations by differential equations . A differential equation
is an equation which contains an unknown function together with one or more of
its derivatives. Differential equations can be classified into two general types corre-
sponding to the number of independent variables involved.

Ordinary differential equations are equations in which the unknown function
depends on a single variable:

e 1) v = ky (k constant)

2]
02) xa—g

e 3)y" +xy" —yy = ysinz

= z is the independent variable and y = y(z) is the unknown function.

Partial differential equations are equations in which the unknown function
depends on more than one variable and the derivatives that appear in the equation
must be partial derivatives:

2y _ 20% — ) . . .
o 1) 53 =c"53 = Uy = C Ugy one-dimensional wave equation

du __ 20%u — — 2 . . .
° 2) 5 = C 5 = Up = CUgy one-dimensional heat equation

= 1z and y are the independent variables and u = u(z,y) is the unknown function.

A solution of a differential equation is a function f which is defined on some
interval (ordinary differential equation) or on some region in n-dimensional space,
n > 2 (partial differential equation).

To determine whether a given function satisfies a certain differential equation, we
simply substitute the function and its derivatives into the equation.

4
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2.1 Study of ordinary differential equation theory

Ordinary differential equations are equations used to solve several functions. These
equations include the searched function and at least one of the derivatives of this
function. The order of an ordinary differential equation is the order of the highest
derivative within. The general solution of a n'* order differential equation includes
exactly n unknown integration constants.

The most common ordinary differential equations are initial value problems.
With a given
dy
"= 22 = fy,t 2.1
v == f.) (2.1
one has an initial condition at time ¢ = 0:

y(O) =%

The task is to find y(¢) which satisfies the side condition y(0) = yo. A very easy and
often used example is

y’=@=y
dt

y(O) = Yo.

The general solution one can get by

dy _

dt
1
—dy = dt

y
1
/—dyz/dt
y
Injlyl=t+c

y = ce’.

Y

The particular solution which satisfies the side condition y(0) = yo can be found by
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Figure 2.1: yADES output for the initial value problem 2.1 with yo =1

Example!:
Suppose that a certain bacterial culture grows at a rate proportional to its size. At
time ¢ = 0, approximately 20,000 bacteria are present. In 5 hours there are 400,000
bacteria. Determine a function that expresses the size of the culture as a function
of time, measured in hours.

Solution: Let P(t) be the number of bacteria present at time ¢. By assumption,
P(t) satisfies a differential equation of the form y' = ky, so P(t) has the form
P(t) = Pye*, where the constants P, and k must be determined.

P(0) = 20,000 and P(5) = 400, 000.

Thus,

P(t) = 20, 000"

20,000e**> = P(5) = 400, 000
e =20

5k = In|20|

k~0.6

P(t) = 20,000¢e°

This function is a mathematical model of the growth of the bacteria culture.
The equation known as the logistic equation

dy
y'=— =ky(M —y) (2.2)
dt
can be applied to several fields. It can be used, for example, to model the spread of
a disease through a population or to study the flow of information. In this case M
denotes the total number of people at time t.

ltaken from [1]



CHAPTER 2. MATHEMATICAL BACKGROUND KNOWLEDGE 7

Obviously, a population cannot continue to grow exponentially. The factor y reflects
the fact that the growth rate 4’ depends in part on the size of the population. A
solution of the logistic equation is called a logistic function:

1 !
y—k=0
y(M —y)
1
——  _dy—kdt=0
y(M —y)
7dy—/kdt:c
/y(M—y) '
1 1
M M__ldy — kt =
/[y+M—y] Y €1
Lyl = LM =y =kt +
Mny Mn Yyl = c1
1
Mln|My_y\:kt+cl
ln|My_y|:Mkt+02
|My_y‘:ceMkt
cM
v(t) = wm

2.1.1 Numerical solutions

It is almost never possible to solve an initial value problem analytically. Numerical
methods can be used to approximate the solutions. An initial value problem starts
with a given condition. Thus, a start value is given. The idea is to compute every
new value by using the last known one ( or more) to get an approximation of the
new value. The value which should be computed is one step away from the last
calculated value. The step size is denoted by h. The basis of numerical methods is
the Taylor Series FExpansion .
Using Taylor Series Expansion the value of y(x+h) is approximated by using deriva-
tives of y(z). As was mentioned before, y(x) is known. Thus, every new point is
represented by:

h2 h3 "

y(z +h) =y(z) + hy'(x) + ay"(m) + a1y (z) + ...

To get a good approximation, h should be very small and therefore we neglect the
last terms in the Taylor Series meaning the approximation is:

2 3

va+h) = (o) + by (@) + oy () +

V" (@) + O,

All numerical solutions to approximate a differential equation use this idea to cal-
culate the values.
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Euler’s Method

The simplest numerical integration method is Fuler’s method for which the starting
point is an initial value problem of the form

Y =g(z,y), y(0) = yo

All numerical methods use a step size h to calculate the next value from the known
ones. Euler’s method uses the step size h = @, where a < z < b in the case that
the user does not specify another step size. To get all y,, in the given interval the
method works as follows:

xo = a (given) Yo (given)
1 =x9+h y1 = Yo + h * g(xo, Yo)
To=x1+h Yo =y + h* g(z1, 1)
Tp =2Tp_1+ h Yn = Yn—1 + h* g(xn—la yn—l)

Geometrically, it is an approximation of the curve of y(z) by a polygon whose
first side is tangent to the curve at xg.

Applying Euler’s method to a simple initial value problem:
y' =z +y, y(0) =0, (2.3)

choosing h = 0.2 and computing ¥, ..., ys one gets the table below. Exact values
are obtained by substituting x values into the analytical solution of the ODE, y =
e* —x—1.

n| z, Un Exact Values | Error
0 (0.0 0.000 0.000 0.000
11]0.2]0.000 0.021 0.021
2 (0.4 0.040 0.092 0.052
3106 0.128 0.222 0.094
410.8]0.274 0.426 0.152
5

1.0 | 0.489 0.718 0.229
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Euler’s method is seldom used because it gives a big error if the step size is not
small enough. Of course, one can implement a step size control to reduce the error
and to optimise computer time.

The error which arises at every step is a local trunction error (LTFE). It comes
from the last terms of the Taylor series which we cut. The idea is that the user
prescribes a desired range for the LTFE: E,;,, < LTE < E,.;. The algorithm
should automatically decrease the step size when LT E > E,,,, and automatically
increase the step size when LTE < E,,;,. Therefore, for each step the algorithm
has to use a different step size to determine the local error.

Firstly, the time it takes to calculate seems to be larger but if one has a slowly
rising curve the step size becomes larger and the algorithm finishes sooner. And
obviously, the results are much better.

Improved Euler Method

Using the Taylor series and taking more terms into account one can obtain numerical
methods of higher order and precision. An Euler method derivative is the Improved
Euler method. In each step we predict an auxiliary value using

Vi1 =UYn+hx f(zn,y)

and then correct the new value using

Yn+1 = %h[f(xna yn) + f(xn—f—la y;;—t—l)]‘

Applying the Improved Euler method to the simple initial value problem 2.3 one
gets following results which show an increasing accuracy:
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T, Yn Exact Values | Error
0.0 | 0.0000 0.0000 0.0000
0.2 | 0.0200 0.0214 0.0014
0.4 | 0.0884 0.0918 0.0034
0.6 | 0.2158 0.2221 0.0063
0.8 | 0.4153 0.4255 0.0102
1.0 | 0.7027 0.7183 0.0156

Ol W N~ OB

Runge-Kutta Method

A even more accurate method of great practical importance is the fourth order
classical Runge-Kutta method. In each step four auxiliary quantities ki, ko, k3, k4
are computed which allow us to calculate the new value 1.

ki = hf(ﬂ?”, yn)
ky = hf (2, + %h; Yn + %kl)
ks = hf(zn + 5h, yn + 5k2)
ks = hf(zn + h,yn + ks)
Yn+1 = Yn + %(k’l + 2]{72 + 2]{]3 -+ k'4)

At fist sight, these formulas look complicated but they are, in fact, very easy to
program. Furthermore, no special starting procedure is needed. This is one main
reason for the practical importanceof the method but even more significant is the
accuracy. Taking example 2.3 again, the following table shows the acceptable results.

n| z, Yn Exact Values | Error x10°
0] 0.0 | 0.000 000 0.000 000 0
1 (0.2 0.021 400 0.021 403 3
2104 10.091 818 0.091 825 7
310.60.222 106 0.222 119 11
410.8]0.425 521 0.425 541 20
51 1.0 0.718 251 0.718 282 31

The classical Runge-Kutta method can be extended to a method of a higher order
than four by taking more than four auxiliary quantities into account. This gives an
even higher correctness but slows the calculation down.
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All the methods considered are explicit. There are also implicit methods but these
were not studied during the practical training. The advantage of implicit methods
is the fact that the solution is always stable.
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2.2 Study of partial differential equation theory

Partial differential equations arise in connection with various physical and geomet-
rical problems when the functions involved depend on two or more independent
variables. Usually, one independent variable is time ¢ and another one is a several
space variable. Examples of partial differential equations can be found on page 4.
Most important partial differential equations are either parabolic or hyperbolic. The
prototype of parabolic equations it the one-dimensional heat equation

Up = gy (¢ constant).
The prototype of hyperbolic equations it the one-dimensional wave equation

Upp = Uy (¢ constant).

Partial differential equations can be solved by Fourier Transform or Laplace Trans-
form methods. Considering these methods would go beyond the scope of this report.
Of more relevance is the numerical solution of both types of equations which is con-
sidered in the next section.

2.2.1 Numerical solutions

Solutions of PDEs are considered in a special region R of the space of the inde-
pendent variables. Therefore, always the boundary conditions always have to be
declared. Either the values at the boundaries are constant (Dirichlet boundary con-
ditions) or the values at the boundaries are the first derivatives of the calculated
functions at these points (Neumann boundary contitions). Therefore, an additional
value has to be introduced outside the boundaries.

Methods for Parabolic Equations

As was mentioned before, the prototype of parabolic equations is the heat equation.
This equation is usually considered for x in some fixed interval 0 < x < L and time
t > 0. The initial temperature is given by a function f(z) at time ¢t = 0 (u(z,0)).
In addition, the boundary conditions at z = 0 and L = 0 for all ¢ > 0 are required.
Thus, the problem is as follows:

Ut = Ugpy 0<xz<L1,t>0

u(z,0) = f(z) (initial condition)

u(0,t) = u(l,t) =0 (boundary condition)

A simple finite difference approximation of this problem is

1 1
E(Ui,jﬂ — uij) = ﬁ(uwl,j — 2u; + Uz’—l,j)-

h is the mesh size and k is the time step size. By setting r = ,f—2 the approximation
for Ui, j4+1 is

Ujj+1 = (1- 27’)%’,]' + T(ui—i—l,j + Uz’—1,j)-
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This means, every point between the boundaries is calculated by three previous
calculated values in the neighbourhood (figure 2.2).

time row j+1 4
k
time row j
X X X
h h

Figure 2.2: Mesh points used for the numerical solution of the heat equation

Computations by this explicit method are simple but the convergence of this
method is crucial if » > %
All boundary points are set to the boundary condition value specified. This means,
a heated body’s temperature is kept constant at its ends.

Example 1 Temperature in a bar.

A metal bar of length 1 is kept cool at its ends at the temperature uv = 0°. At all
the other points z in the bar the temperature is f(z) = sin(nz) at time ¢ = 0.
Find the temperature u(z,t) in the bar for 0 <¢ < 0.1.

Figure 2.3: Temperature distribution in the bar in Example 1
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In other practical cases the temperature is not kept constant at the body’s ends.
Thus, the temperature can spread through the entire body. This case is caused by
Neumann boundary contitions. Considering Example 1 again but using Neumann
boundary conditions and a time interval 0 < ¢ < 0.05 the temperature distribution
in the bar is as shown in figure 2.4.

0 0.25 05 0,75 1

Figure 2.4: Temperature distribution in the bar in Example 1

As was mentioned before, this method is an explicit method. There is an implicit
method which calculates for every time step all new values together. Therefore, one
has to use a method to solve a system of linear equations, for example the Gauss
iteration method.Gauss iteration

Methods for Hyperbolic Equations

As was mentioned before, the prototype of hyperbolic equations is the wave equation.

Uy = Ugy 0<z<1,t>0
u(z,0) = f(x) (given initial displacement)
u(z,0) = g(z) (given initial velocity)
u(0,t) = u(l,t) =0 (boundary condition)

Replacing the derivatives by difference quotients as before, a simple approxima-
tion is
1
2 (Wi = i + ijo1) = 55 (Uivry — 205 + Uima )
where h is the mesh size and k the time step size. This difference equation relates

five points as shown in figure 2.5a. By choosing r* = L 1, u;; drops out and the

h
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formula becomes
Uijp1 = Ui—1,5 T Uit1,j — Uij—1

relating 4 points as shown in figure 2.5b. This equation involves three time steps

b1 4 time row j+1 L

| |
H—X—X time row j H— —X

| |

M time row -1 b4

Figure 2.5: a,b) Mesh points used for numerical solution of the wave equation

Thus, the first time step has to be calculated separately. Therefore, the initial
velocity uy(x,0) = g(x) is used.

1
Ui = §(Uz’f1,o +uit10) + kg

Example 1 Vibrating string.
Apply the numerical method for the wave equation using f(z) = sin(rz), g(z) = 0.

Figure 2.6: Vibrating string in Example 1
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yet Another Differential Equation
Solver

There are several differential equation solvers available. One of the most popular
ones is MATLAB, which is used in the Department of Mathematics at Dundee
University. Using MATLAB, the user has to write a *.m file including the differential
equation which he wants to solve. Afterwards, the user has to start MATLAB and
call a differential equation solver with parameters for the file name including the
mathematical model, the interval and initial values. Then, the kind of graphical
output has to be specified, the labels and optionally the scale interval.

Xterm

Figure 3.1: (Top) Example of a MATLAB input file, (Bottom) Example of MATLAB
commands to get a graphical output

16
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Getting students (who do not have any idea about an Unix platform and MAT-
LAB) started with differential equations could take a long time. Thus, with my
knowledge of numerical solutions of both ordinary and partial differential equations
the task was to implement a software package which is easy to handle. It should be
a tool to get students started with differential equations without spending a long
time learning existing, complex tools. It should have a graphical user interface with
input fields for all parameters needed and as soon as the calculation is finished the
graphics should be displayed. Automatically labeled axes would be desirable, as
would the option of entering a title. Of course, it should offer a save routine so that
the graphical results can be stored.

The name of the application which arose is yADES - yet Another Differential
Equation solver.

YADES

Yet another differential equation sclver

bv Heilto Enderling

Figure 3.2: yADES

There was no condition stipulating which enviroments to use and I opted for
C++ and Qt! running on Unix platforms. The reason is simple because both were
used for former applications. Consequently, the time to get started was minimal.
Not only is the numerical solution important but, as the title of this project suggests,
graphical packages to interpret the solutions are also significant. The user should
be able to interact with the program. Therefore it is useful to split the window in
two different parts. The left part is the control panel for the user interactions and
the right part is reserved for the graphical output. Because numerical calculations
take a long time a progress bar is included which informs the user about the actual
progress of the computation. Of course, there should be and there is an opportunity
to cancel all actions. For those are interested in all the calculated values there is an
option to open a table which displays every value. As a matter of course one has
the possibility to save the graphic as an image file.

1Qt by Trolltech
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The basic idea is that the user has only to enter the equations, all initial values
and conditions after which he can click a button to start the calculation.
Firstly, it had to be considered how to enter the parameters which are necessary for
the equation as well as the equation itself. The initial idea was to offer a panel com-
parable with the panel for common calculators, for example the calculator available
on Unix platforms which is shown in figure 3.3.

0

LEG

(_e JCEE )log JCIn J(y"x)
(PR (0 ) )
GTO 7 (8 )C 3 i
GENVED ED OB, -
EAC 0/ )

Figure 3.3: XCalc user interface with buttons to enter values

But entering equations should be comfortable for the user, and the most comfort-
able way is to enter an input string abuting on common syntax. Thus, yADES has
to interpret this input string and convert it to a mathematical expression to start the
numerical algorithms. The task was not to develop new numerical algorithms but to
implement existing ones to focus on getting a comfortable and easy to use program.
Generally, all the algorithms described in the first chapter are implemented. For
solving simple ordinary differential equations one can choose which algorithm to use
but for more complex problems the standard algorithms (Runge-Kutta) are used.

The biggest challenge to meet was the analysis of the input string. The user

should be allowed to enter his equation and the program transforms this string to
a mathematical expression. After taking everything into account this problem is
solved using the ’divide and conquer’ approach.
Firstly, a string subclass got implemented and got a method called convert. Most
important in equations are operations. That is why the algorithm is searching for
an operation outside brackets and returns the left part and the right part of the
operation (which still have to get converted) and connect them with the found
operation. A schema of this idea is shown in figure 3.4.

It is important to know that, in this version, multiplication and division are not
solved before addition or subtraction. The algorithm searches for the first operation
outside brackets. If one wants to specify parts to be solved first, one has to use
brackets. This is not ideal but there were more significant problems to address.

At present there are several functions supported. For example sine, cosine, tan-
gent, exponential and logarithm functions. Even constants like "7’ and ’e’ are sup-
ported.
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a+ib*c)™d

|

& ¥ fh¥oyTrd
|

I
a o
i b d

- yellow background means
' Ccormvert !
d+ .. - siring
A - found and returned expression
# - found and returned operation

Figure 3.4: schema of the used ’devide and conquer’ idea. Highlighted means ’con-
vert’, unhighlited means ’found and returned operation or value’.

With the possibility of interpreting an input string, yADES can offer text fields
for entering equations and parameters. All the values should be visible all the time
therefore dialogue boxes would not be appropriate. Finally, the decision was to split
the window and offer the control panel in the left part, arranged in a table without
borders. Additional settings, for example choosing algorithms, are also listed. At
the bottom there is a button which starts the calculation after clicking.

The control panel for the simple ordinary differential equation solver is shown in
figure 3.5. For all other solvers the panels are almost the same but allow different
parameters to be entered.

The next problem, as the title of this project indicates, is the graphical output.
It should not be awkward or complex to get the graphical solution and so, as soon
as is possible, the results are plotted in the right part of the window. For ODE
calculations, plotting the results after calculation is acceptable. For PDEs, the
result depends on time meaning more than one time step should be displayed. The
initial function is shown immediately. During calculation, after having solved twenty,
fourty, sixty or eighty percent, the calculation results are sent to the graphic class
and displayed. For each step, another colour is used corresponding to the colour-
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Please Enter GDE Details

fxy)= |
X0= |
yo- |
|
|
title= |
& Euler & Only one
< Improved Euler || < hare
< Runge- Kutta
| Solve! |

Figure 3.5: Control panel for simple ordinary differential equations

coded time value displayed in the legend, as can be seen in figure 3.14, for example.
The graphic is an own class recieving values. The results are drawn as a pixmap
which fastens the save routine. This output is not the optimal way to display three
dimensional problems so the user has the option to run animations and to save them
as *.mpeg videos which gives a better impression of the process.

However, animations cannot always be presented, for example in written reports.
As a result, another output displaying three dimensions arose for which OpenGL
was utilised. The third axis corresponds to time.
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The basic idea of yA DES is the numerical solution of differential equations. Firstly,
for all types of ODEs and PDEs described in the previous chapter a specific program
was developed with names like ODFEsolver. This was not very practical so all these
distinct programs were brought together to form a single application comprising sev-
eral components. As a result, both ordinary and partial differential equations can be
solved. The first component is a solver for simple ordinary differential equtations.
In addition there is a tool for solving a system of two ordinary differential equa-
tions. And, for the partial differential equations there are two different interfaces.
At the moment one can solve parabolic equations (for example the heat equation)
and hyperbolic equations (for example the wave equation) and systems of PDEs.
For the implicit method to solve parabolic equations the Gauss-Seidel iteration is
implemented. Such iteration is also available separately.

Every component has its own interface for user interactions and it is always pos-
sible to switch between the various solvers using the menu (figure 3.6).

— | vADES - Simple Ordinary Differential Equations

File _Qdel PDE  Linear algebra  Graphic

Simple ODE calculation

ODE System calcilation

— | yADES - Simple Ordinary Differential Equations

Fife Cde f_‘DEI Linear algebra Graphic

PDE calcilation
PDE sysiem

—| vADES - Simple Ordinary Differential Equations

file Ode PDE | Linear a.fgebral Grapfiic
(Gauss feration

Figure 3.6: Using the menu to switch from one solver to another

Main

| | | |
ODE ODES PDE PDES

Figure 3.7: structure of yADES
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3.1 Simple Ordinary Differential Equations

The first part of yADES is solving Simple Ordinary Differential Equations. Input
values are the differential equation f(z,y) , initial values xy and vy, the step size h
and the number of steps N. As an option, the user can enter a title for the graphical
output.

As was mentioned before, there are different methods offered and the user can
choose which one to use. Default is the 'Euler method’ (see page 8) which is the
fastest one. Other algorithms are ’Improved Euler method’ and ’Runge- Kutta’
fourth order. To solve the equation the user has to press the ’Solve !” button.
While computing, there is a progress bar to show the status, which helps to give an
idea about the time remaining during long computations. When the calculation is
finished, the results are displayed in the right part of the window. All calculated
values are available in a table wich is given when the user selects the menu item
‘Show Values’located in the ’Graphic’ menu, as is shown in figure 3.8.

— | vADES - Calculated Values for a simple ODE

Impr.Euler Funge—kutta
[] 0 0
0 0.0z 0.0214

0.04 0.05854 0.031818
0128 0.215848 0.222106
02736 0.415335 0425521
0.45832 0.702708 0.718251

Figure 3.8: yADES output. Results from the solution of ODE 2.3 (page 8) in table
format

The curve is plotted immediately. Of course, one should have the possibility of
saving the results. To save the plotted curve as an image file, the user can press
the ’Save curve!’ item in the menubar located in the popup menu ’Ode’. A save
dialog will be opened and one can specify the file name. In this version one can save
the graphic only as a bitmap file. Figure 3.9 shows a yADES window with a solved
ordinary differential equation.

To compare the correctness of different algorithms there is an option to plot
results from more than one numerical method. The graphical output will display
as many curves as the number of methods chosen by the user. Below the graphic
one can find the legend for the plots and all calculated values can be found by
choosing the menu item ’Show Values’located in the 'Graphic’ menu. If one takes
the ordinary differential equation y' = (z + y)~! and chooses a large step size, the
calculated values from three different numerical methods are quite different, as one
can see in figure 3.10.
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Figure 3.9: yADES showing the solution of the simple ordinary differential equation:
Yy = cosx

Figure 3.10: yADES output to compare different methods
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3.2 System of Ordinary Differential Equations

Often, more than one differential equation is required to describe a complex situa-
tion. Therefore it is useful to have a tool which can deal with at least two ordinary
differential equations and yADES features an algorithm to solve a pair of equations.
Currently, a 'Runge- Kutta’ method (see page 10) of the fifth order is used.

Please Enter QOE Details

Wl'= | yZ
WE= | =y
— Interval
frorm |0 to | 6.28
— Initial
y1in=|1 yz,0= 1]

title=

— Choose correctness
& preview < standard < highest

— Choose output
& plott —y1y2 < plotyl —y2

Solvel

Figure 3.11: yADES input fields for a system of two ordinary differential equations

Input values are the differential equations, the interval, initial conditions and
optionally a title (figure 3.11).
This computation uses an expensive fifth order method, as was mentioned before,
and therefore it takes a long time. That is why the user can specify which cor-
rectness to use. The choice is between ’preview’, ’standard’ and ’highest’ with the
corresponding number of steps being 2, 000, 5,000 and 10, 000 repectively.
When solving systems of ordinary differential equations it is useful to have not only
a plot of the variables against time ¢ but also a plot of the variables against each
other which is called phase plane (figure 3.12 (b)). In this output one can see the in-
teraction between the variables and the behavior of the system more clearly. All the
functions which are available for simple ordinary differential equations, for example
saving the graphics, are available for the systems, too.
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Figure 3.12: yADES output for systems of ordinary differential equations: a) y; and
yo plotted against time ¢, b) y; plotted against y, (phase plane)

3.3 Simple Partial Differential Equations
and Systems

To solve partial differential equations the interface is almost the same.

y ,-.-

oo Tuh |

R 1ETC

Figure 3.13: yADES GUI for PDEs

Both kinds of partial differential equation, heat equations and wave equations,
need almost the same input. Consequently, the graphical user interface is the same
except a few input fields which are disabled in the case that they are not necessary.
Heat and wave equations describe processes with two dimensional results depending
on time. The graphic shows, at intervals equivalent to 20 % of the total time, an
additional curve to illustrate temporal changes. In the case of analysing results from
a system of PDEs this could be confusing, even if different colours are used. Other
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output formats are therefore desirable. Fistly, one can run and save an animation
which shows, in each frame, the result for a specific time step. However, featuring
a video in written reports would not be very practical. So an OpenGl widget with
a three dimensional output is also available. The third dimension is time and using
such an output format can clarify the results enoumously.

t=10 1
t= 0.02
t= 0.04
t= 0.08
t=0.08

t=01 0f
0.5
0 025 s 0.75 1
=0 1
t=0.01
t= 003
075
t= 0.04
t= 0.08
t= 008 04
0.5
0 0.25 0.5 075 1

Figure 3.14: comparison of 2D and 3D graphics for partial differential equations
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There is an online ’help’ manual available for the whole yADES application. It
is made up of a general description about how to use the different solvers and of an
index list which one can navigate to find a specific topic. All indexes are marked in
the descriptions, too, to jump to the special notices.

Figure 3.15: yADES online help
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3. Summary and future or

The task was to develop a differential equation solver with a graphical user interface
to get students started with differential equations. The basic ideas of ODEs and
PDEs are implemented and easy to handle. Admittedly, the developed tool is not as
fast as other professional tools like Matlab or Maple but probably it does not take
as long to learn how to use it. Of course, th accuracy of the numerical results is as
important as the time taken to calculate them. To test the accuracy of yADES a
system of ODEs was also solved using MATLAB and the results compared. Als can
be seen in figures 3.16 and 3.17 the results are similar with any differences being
caused by different scales in the plots.

Figure 3.16: Lotka-Volterra population model, a) matlab output, b) yADES output

Figure 3.17: Lotka-Volterra population model, a) matlab output, b) yADES output
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In all of yADES solvers the user has to choose the step size, a parameter upon
which the correctness of the results depends. If the step size is quite small the results
one gets are pretty good. Solving problems using a larger step size could lead to
errors. Even if the local error seems to be small, the system may become unstable.
Obviously, implicit methods or a variable step size with automatic step size control
could be a solution. As was mentioned before, the conversion of an input string to a
mathematical expression could be improved. Operations with higher priority should
be solved before operations with less priority to make the handle more comfortable.

Other improvements could be to implement systems of more than two ODEs or
PDEs.
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Mathematical iology

How do computer science, mathematics and biology work together To understand
this one has to consider the meaning of ’simulation’. Simulations are used to get
information from a modelled process. To model a process, one takes an example
from the real world, does some experiments and gets real data. This data is used
to build a mathematical model whose parameters and formulation can be varified
during experiments - conducting experiments with a model is called simulation.
Simualtion results can be compared with the real data and, in this way, the model
can be fine-tuned so that it better describes reality. Simulation is important because
often it is impossible to use real-world experiments to get information. The most
interesting point is optimising the parameters and, of course, the time overall of
observation. If one wants to get an idea about how the planets work together it
would take years to get all the relevant data and one could not check how it would
look with different circumstances. And obviously in medicine it could be fatal to
change some biological values in a living host to test what happens. A computer
simulation depends on three different parts. The first part is the application for
which one wants to get a model. The second part is mathematics which is used
to describe the real data with logical expressions and rules. And the third part is
the computer science required to run the experiments on a computer, interpret the
results and generate an output which those who view the results can understand.

It therefore seems to be clear why mathematics and biology can work together.
Every change, for example in form, size, shape and time, can be expressed by dif-
ferential equations. All processes in medicine are processes in which at least one
parameter changes. As was mentioned before, biological problems are not always
possible to research in real world. The effect of drugs over a time of 20 years is
impossible to observe because the time it takes to get results is too long. And if you
do not know how the experiment is going to affect the patient then there are also
ethical problems associated with performing it. The field of applications in medicine
for mathematical biology is huge. An interesting area in mathematical biology is
the description of patterns on animals’ bodies and there are associated equations
which describe, for example, the arrangement of spots on a leopard’s skin or lines
on a snake.

30
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Figure 4.1: interaction of an application, mathematics and computer science

N | ot a olterra population model

One of the most famous models is the Lotka'-Volterra? population model which
describes the interaction between different populations. For example the effect of
predator and prey on each other is as follows: The number of a prey, for example
rabbits, could increase without a predator, say foxes, and with unlimited food supply
exponentially:

1/1 = ay1.

The number of foxes would exponentially decrease to zero if there were no rabbits:

yé = —by,.

Both populations depend on each other. The number of rabbits decreases because
some are killed by foxes and the number of foxes increases because rabbit-fed foxes
survive to breed and can successfully raise their young. This interaction can be
expressed by

C X Y1Y2.

In this system a, b, ¢ and d are positive constants.

YL = ay — cy1ye
Yy = —bys + dy1y2

Both equations in this system are interlinked. With a given initial number of foxes
and rabbits the number of foxes decreases and therefore the number of rabbits can
increase. If there are a lot of rabbits there is more food available for foxes. After
a certain time, the number of foxes increases. Now there are a lot of foxes and as
they feed, the number of rabbits decreases (figure 4.2).

1 otka 1 1 mercanbo hy c t
olterra 1 1 tal an mathemat ¢ an
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Firstly, changes in the number of both species are large. After a certain time the
system stabilises and there are no further changes. One has a constant number of
foxes and a constant number of rabbits. This situation is called the steady state
(figure 4.3).

At the critical point (y1,%2) = (3, %) the Lotka-Volterra population model has a
centre and the steady state solution. In this case using a = 2,b=4,c = 6,d = 8 the
steady state solution is (3, 3).

An example of the otka- olterra population model with
a=2,b=4,c=6,d=38

initial values: foxes=1 and rabbits=1

Figure 4.2: a)y; and yo plotted against time t b) phase plane: y, plotted against y;

Figure 4.3: Two and three dimensional MATLAB output showing the steady state
solution
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2 athemati al models to impro e
an er therapy

Cancer therapy is both an important and interesting research topic and, to model
a tumour, mathematics, medicine and computer science are neccessary. To improve
the knowledge of cancer, there is a lot of medical data which mathematicians use to
develop models to simulate tumour growth and angiogenesis. The research group in
which I undertook my practical training works on this topic and is lead by Professor
Mark A.J. Chaplain and Dr. Alexander A.R. Anderson. Solid tumour growth
is divisible into three phases. In the early avascular phase the tumour grows to a
maximum diameter of about two millimetres and consists of about 10° cells. Without
blood supply the tumour can not grow anymore and therefore it sends a chemical
signal to the periphery to effect angiogenesis and vascularisation, the second phase.
The vessels close to the tumour spheroid receive this signal and start to form sprouts
towards the tumour which form branches and loops (figure 4.4). As soon as the
tumour is approached, branching rapidly increases. The angiogenesis is completed
when the connection to the tumour is established. With an external blood supply,
which is guaranteed in the third phase, the tumour can grow and spread to other
areas (invasion and metastasis). D The research group mentioned before is interested
in developing mathematical models to describe tumour angiogenesis.

Figure 4.4: Medical image of tumour angiogenesis. (Image supplied by Dr. A.R.A.
Anderson)

Dr. Anderson already has a successful model that simulates vessels moving
towards the tumour. It starts with the idea that there are some new vessels which
come into being from the original parent vessels. The model allows a vessel to
expand in three dimensions in five possible directions: straight forward, to the left,
to the right, to the top and to the bottom. It cannot go back the way it came from.
Furthermore, the vessel can branch into two or more new vessels.
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Figure 4.5: Schematic representation of branching at a capillary sprout-tip to pro-
duce two new sprouts and anatamosis of two sprouts to form a loop. (Image supplied
by Dr. A.R.A. Anderson)

Figure 4.6: The various states of angiogenesis. (Image supplied by Dr. A.R.A.
Anderson)

The mathematical model has an initial number of vessels with positions and
an initial position of the tumour. Running a computer simulation, in every time
step the vessels grow towards the tumour. They can split or build loops. The
real angiogenesis images and the generated images look quite similar (figures 4.7
and 4.8). The computer program which runs the simulation generates data files for
every time step. The files describe a three dimensional matrix (100 x 100 x 100)
which has the value 0 at position [z,y, z] in the case that at this position is not a
blood vessel or a value not equal to 0 if there is a blood vessel. In the case that there
is a blood vessel, the blood vessel number is stored in the matrix and in the output
file. Every new vessel gets its own number to allow the user to identify every vessel
in the graphical output. If the simulation is run from a time ¢ = 0 to £ = 100 then
at the end there are 101 data files with every file containing one million numbers.
Obviously, data arrays are not a practical output format. A graphical output is the
best way to deal with the results, especially if the user wants to compare model data
with real data.
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Figure 4.7: a) medical image of angiogenesis, b) graphical output from the mathe-
matical model

Figure 4.8: a) medical image of angiogenesis, b) graphical output from the mathe-
matical model
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Dataviewer

| oti ation

Up to now, a tool was used which could read the angiogenesis datafiles and produce
a graphical output. However, changing output parameters is awkward because of
the lack of a graphical user interface. That meant the user always had to change
the output parameters and set all the other parameters he had already specified.

Most crucial, is the fact that generating movies was not supported and the user
had to generate movies by saving all the images in a directory and adding them, step
by step, to a video file. Another missing feature in the previouly used software was
not being able to read in more than one datafile. Thus, to see temporal changes, the
user had to open all files separately and set the rotation in all the images manually.
To generate a movie showing evolution of the system with time involved loading
each data set manually, positioning the output so that it would match with the
previous and saving an image, loading the next, redrawing, rotating slightlty, saving
an image, and so on. Obviously, this takes a while and is not an e cient use of the
users time.

My task was to develop a new program which had a graphical user interface and
simplified the processing of results. It was to allow the user to quickly visualize the
results, both spatially and temporally, and make the work on 3D angiogenesis much
more productive as the user can quickly see the validity of his results.

.2 on ersion

As was mentioned before, I had the task of implementing an application which
dislplays the results of a mathematical model describing tumour angiogenesis. Ad-
ditionally, there should be an option to save the generated images so they can be
presented in written reports an option to generate movies for presentations.

36
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It was up to me which tools to use and I decided on C++ and Qt' to build
the application. For the graphics I used OpenGL which is supported by Qt. This
allowed me to call OpenGL commands within the C4++ code and to embed the
output window in the graphical user interface. To deal with the graphic, for example
rotation around all the axes or displaying different time steps or several vessels, I
decided to split the program window into two parts. The left part includes the
control panel and the right part the graphical output. Control parameters are values
for rotations around z,y and z axes and zoom level. Because the application reads
more than one data file, a slider to visualize different time steps is neccessary.

Figure 5.1: GUI of dataviewer

The first task was to read the data files which the mathematical model creates.
The files all have the same structure. Each includes one million numbers identifiying
either a blood vessel with a number which is not equal to zero or empty space with a
zero. They are arranged in y, x and z directions. By reading the data, the values are
stored in a three dimensional integer array. When all data files have been read, the
program goes through all the matrices and searches for entities different from zero.
A line strip is started to be drawn and a function which finds the complete vessel
to the very end is called. This is important as it gives the possibility of displaying
every vessel on its own. The mathematical model allows the vessels to grow in
six different directions in the three dimensional space of the size 100 x 100 x 100.
Consequently, the left and the right neighbour, the top and the bottom neighbour,
and the neighbour to the front and to the back are always checked for the same
identifiying number. In the case that the number is the same the neighbour belongs
to the same blood vessel - the point is added to the line strip and the function
which finds the next neighbours of the new point is called. Obviously, more than
one neighbouring point could belong to the same vessel because the sprout could

1Qt by Trolltech
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branch or build loops. Therefore the other possibilities have to be checked as well. If
another neighbour also belongs to the vessel, a new line-segment has to be started.
Otherwise the last point of the previously followed path would be connected to the
new point.

Every point which was found once is deleted and is therefore not touched again.
All lines which have been found are stored in a display list and drawn in an OpenGL
window. To get a better impression of depth the vessels are coloured depending on
their z position in the matrix. A small x value means a blue vessel and an = value
close to one hundred means a red vessel. The user can rotate the model around
all three axes. Therefore each axis has its own slider with values from 0° to 360°.
To get a smooth rotation there are buttons which effect automatic rotations in one
degree increments.

Figure 5.2: Dataviewer output at different rotation points

To generate a movie which shows the model from all sides, a function is imple-
mented which rotates the model around all the axes automatically from 0° to 360°.
At every rotation step, OpenGL renders the output to a two dimensional image
and saves it temporary in a directory. When all steps have been completed a ren-
dering script? is called which generates an mpeg-movie from all generated images.
Afterwards all images are removed.

The angiogenesis process is time-dependent.. Therefore it is useful to load more
than one data file from the same model to view information about different time
steps. Dataviewer automatically generates a slider which has the number of input
files as values. This allows the user to go through all the time steps and see how the
vessels grow and form new sprouts. To do this smoothly, there is a button as well.
By clicking the button the graphical output changes from the first time value to the
last time value, step by step. One can generate a movie showing all the changes
over the time. The user has only to set the point of view, which means the x,y and
z rotation values, then Dataviewer generates the movie in the same way as it does
for the rotation.

To provide a comprehensive movie it would be useful to combine both movies
to show the growth of vessels over time from different angles. This should clarify
the three dimensional information. While generating this movie, two axes are set

by atha m
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Figure 5.3: Dataviewer output at different time steps

constant and, while the vessels are growing, the model rotates around the third
usually the x axis. When the last time step is reached, the model rotates once again
but this time around all axes. That is the method used to generate videos before.

Another option I was asked to provide is the ability to display several specified
blood vessels, for example all vessels with a number less than 100 or all vessels with a
number between 50 and 70. Because there is a function implemented which returns
the entire vessel as soon it has found one point, all the vessels are saved in their own
display list. It is possible to call every entry in this list separately to display it. In
Dataviewer, one has the option to set a lower and an upper limit of vessel numbers
to show only vessels within this range. Obviously, with this method one can display
each vessel seperately (figure 5.4).

Figure 5.4: Dataviewer output. a) first vessel, b) first and second vessels, ¢) second
vessel, d) all vessels between 19 and 49

For publications or papers this method is not very useful because one has to use a
lot of pictures to describe a complex context but to check whether your model works
correctly or not it could be a good help. That is why a method to generate a video
which shows every newly generated vessel has not been implemented. And obviously,
after a few time steps when a lot of information is close together it is di cult to see
where the new vessel is generated. The movie which shows the temporal evolution
of the system is more useful to visualize the vessels growing.

If one displays only a few vessels, it could be useful to have a zoom function
and the possibility of changing the point of view. ooming in or zooming out is
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controlled with a slider as well. Initially, zoom of 100 percent is set.

To change the point of view a mouse interaction has been implemented. While
pressing the left mouse button, the user can change the point of view. To return to
the origin a right mouse button click transforms the model back.

3 spe i update of

The graphical output Dataviewer generates is relatively fast and good enough to
generate movies. Even if only lines are used to visulize three dimensional objects
like blood vessels, which are comparable with pipes or tubes, the bounding box and
the rotation give a spatial impression.

But for papers with static images it could be a problem to put the three dimen-
sional information across. As a result it would be nice to have an illuminated and
shaded output which helps to approximate the depth information. OpenGL also has
the possibilities for shading. The display method was changed from lines to three
dimensional objects which could be illuminated, for example spheres are the easiest.
With a shaded graphic, colour information corresponding to the depth is no longer
used. Because blood has a red colour, the decision was to use red as the sphere
color. To render a sphere at every point in the matrix which belongs to a vessel is
very expensive, especially so when the time is quite advanced. Thus, it takes a long
time to initialize the shaded output and, of course, to display it. By moving the
sliders which change the viewing geometry values in the first version, the graphic is
updated almost simultaneously. Now it takes a while before the display function is
finished and the screen refreshed and it is di cult to set the rotation and time step
values as one likes. As soon as the slider values change, an update is claimed. This
makes the program uncomfortable. That is the reason why the 'real time updates’ of
the graphic are negelected in this new version. Currently, one can move the sliders
to the position one prefers and the update function is not called until the mouse
button is released.

Figure 5.5: Dataviewer output with three dimensional objects

The rationale for changing the first version of Dataviewer was to generate images
or maybe movies as a final result. It is assumed that the user’s model is correct or
that the results give the information desired. The nature of the output graphic can
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be varied but the model is not. It is easier to use the first version if the user wants
to test if their model produces an appropriate output.
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. Summary and future or

The software I developed is already in daily use meaning think about updates and
additional features which could be practical.

First of all, the program which simulates the mathematical model is written in C
running on a Unix shell. It needs specific model parameters and gets them by user
input. I think the main task we have to deal with is to integrate the simulation
program into the Dataviewer interface. Thus, the user has only one program to run
and can always keep track of the set parameters.

By connecting both parts the saving of datafiles would not be necessary. The
calculated values could be displayed as soon as each computation step is finished.
This means the user gets feedback about whether he is right or not. At the moment,
the data files are extremely redundant because, at each time step, all the previous
time step results are saved, too. Reading the data, which takes quite a long time,
would also not be required.

As was mentioned before, there are two versions of Dataviewer. It should not be
a problem to combine both parts into one package. The user could switch between
them as he likes. It could save time, too. In my opinion, the Dataviewer version
with the more simple graphical output should be used to check the model. Thus,
it could provide the initial view. To switch to the improved graphic, no further
computation is needed. All the calculated values are stored in display lists and it
is not a big task to transform the simple line segments to three dimensional objects
and save them in another list. Actually, the three dimensional objects are spheres.
It was the easiest and fastest way to get a nice shaded output. Obviously, a better
approximation of blood vessels could be reached by using pipes or tubes to visualize
vascular shapes.
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Summary

In conclusion, I am satisfied with the practical training I had in the Department
of Mathematics at Dundee University. I gained a lot of new knowledge in a topic
which was not previously my main subject and I found it very interesting to study
and solve new problems. In addition, I gained interesting insights into mathemati-
cal biology and how to solve biological problems using mathematical models. The
second part of this training was especially useful. Using my prior knowledge in com-
puter graphics to visualize scientific data and to help improve existing work was a
beneficial experience. I am glad that the program is already established and being
used daily by academic staff in the department.

Of course, there are a lot of tasks left which are interesting as well and it is
my belief that with the knowledge we have in computer science we can help to
improve other applications. I want to thank Prof. M.A.J. Chaplain and Dr. A.R.A.
Anderson for assisting the interesting work I did and, of course, I am grateful for
their support. It was a satisfying task and an enjoyable time and, last but not least,
a great experience.
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